The structure of spacetime at the Planck scale may lead to a breakdown of Lorentz invariance at high energies in the form of non-linear dispersion relations for fundamental particles. We show that observations of synchrotron emission from the Crab nebula constrain the energy scale E QG of subluminal Lorentz violation in the electron dispersion relation at order O(E/E QG ) to E QG > 4.5 × 10 27 GeV. This is eight orders of magnitude larger than the Planck mass, and is an improvement of nine orders of magnitude over the best previous bounds.
Introduction
Since Galileo the relativity of motion has been a cornerstone of physics. Insisting on its applicability not only to mechanics but also to electrodynamics led Einstein to the theory of special relativity, which has passed all observational tests to date. Nevertheless the question of unlimited validity of relativity has recently been attracting closer scrutiny due to the coming together of two factors, one observational and one theoretical. On the observational side, we are probing lower temperatures, higher energies, farther distances, and weaker interactions than ever before, accessing regions where Lorentz symmetry has never been tested. In particular, it is now possible to see relativity violation were it to originate at the Planck scale as some approaches to quantum gravity suggest. (In fact, some researchers have suggested that we may already be seeing signs of relativity violation in high energy astro-particle physics.) Although none of these quantum gravity suggestions can be considered a true prediction due to the undeveloped state of the theory, they do provide a theoretical motivation for intensifying efforts to test relativity.
Observations of many types of phenomena have been used to place limits on Lorentz violation, for example atomic energy splittings, atomic clocks, nuclear resonance, photon dispersion and birefringence in vacuo, and anomalous high energy threshold effects. In this paper we show that the presence of synchrotron radiation from the Crab nebula provides a very strong new constraint on Lorentz violation in the electron-photon sector at first order in E/M Planck . Such radiation can only be produced by electrons with speeds extremely close to the speed of light, so its existence rules out Lorentz violating effects that produce maximal velocities too far below the speed of light. This new constraint improves previous ones by an astounding amount. In particular, the parameter E QG in the phenomenological framework of Ref. [1] is bounded by E QG > 3.7 ×10
8 M Planck . This is nine orders of magnitude higher than the best previous constraint E QG > 0.3 M Planck , which was provided by the absence of anomalous absorption of gamma rays from Markarian 501 on the infrared background.
1
To characterize Lorentz violation we adopt the simple framework of de-1 This limit is a special case of the limits obtained in Ref. [2] on the two parameters ξ and η defined in Eqs. (1) and (2) of this paper. The limit in the special case ξ = η < 0, which corresponds to the framework of Ref. [1] , was explicitly discussed in Ref. [3] , and has recently been rediscovered in Ref. [4] .
formed particle dispersion relations that break boost invariance but preserve rotation invariance 2 . We consider here only photon-electron processes, and assume the dispersion relations
where ω and k are the photon frequency and wave number, and E and p are the electron energy and momentum. Since it is thought that the Lorentz violation may originate in quantum gravity, the mass scale M = 10 19 GeV, which is close to the Planck mass M Planck = 1.22 × 10
19 GeV, is factored out explicitly. We also assume energy and momentum are conserved in particle interactions, and are additive in the usual way for multi-particle systems.
Dispersion relations like (1,2) have been suggested by several approaches to quantum gravity (see e.g. [1, 5, 6, 7] ). Without an established theory of quantum gravity there is no unique prediction regarding the relation between ξ and η. Some approaches suggest they might be unequal for different particle species or even for different polarizations of a given particle type. Hence we shall not presume any a priori equality for the values of ξ and η. (Nevertheless the special case of equal coefficients will be considered later in this paper.)
Generally one would expect Lorentz violating terms of all orders in momentum, suppressed by at least one inverse power of M. Terms of order p 4 and higher would presumably be suppressed by two or more inverse powers of M, hence are negligible unless the p 3 term is absent or unnaturally suppressed. The terms of first and second order in p are not naturally suppressed by an inverse mass, however they would presumably have the form µ 2 p/M and µp 2 /M, where µ is a low energy particle mass scale. At low energies p ≪ µ these would be the most important terms, but at the high energies p ≫ µ relevant for this paper they would be negligible. Therefore the p term, if present, should dominate any high energy Lorentz violation.
Planck energies are not needed to get O(1) or even better constraints on ξ and η. For instance small effects could accumulate over long propagation distances, for example producing arrival time differences due to variations in group velocity for simultaneously emitted high energy photons [1] . Constraints have been obtained using from gamma ray bursts [8] or other sources such as active galactic nuclei [9] and pulsars [10] . The best that can be done with the current data is (|ξ| O(100)) [8, 9] but more stringent limits can be expected in the future [11] ). Even stronger constraints (O(10 −4 ) have been obtained on the difference in ξ for different polarizations (birefringence) using spectropolarimetric observations of distant galaxies [12] .
Here we focus on constraints that can be obtained from high energy threshold reactions and processes sensitive to a possible maximal group velocity. Such deviations from the Lorentz invariant phenomenology occur when the extra term in the dispersion relation (1) or (2) becomes comparable to the electron mass term, e.g.
TeV. This implies that energies around 10 TeV are needed in order to put constraints of order unity on the deformation parameters for electrons and photons. Energies of this magnitude are surpassed for both electrons and photons in some supernova remnants (SNR).
New constraint from Crab synchrotron emission
Supernova remnants are bright sources of radio, optical, X-ray and gammaray emission. Certain SNR's, including Crab, Cas A, SN 1006, and G347.3-0.5 exhibit a broad spectrum characterized by two marked humps. This characteristic emission is currently very well explained from radio to TeV by a "standard model" that invokes the acceleration to high energies of electrons by some internal mechanism. These electrons undergo energy losses via synchrotron emission induced by the magnetic field in the interstellar medium surrounding the remnant, leading to the lower energy hump. They also undergo inverse Compton scattering with the ambient synchrotron, microwave and infrared photons, contributing to the higher energy multi-TeV hump. Although the mechanism for the initial acceleration of the electrons is uncertain, the predictions of the standard emission model are largely independent of this mechanism, and several consistent results make the model quite robust as the most plausible explanation for the observed radiation. We thus assume here that the standard SNR model is correct, and make use of the following facts about the synchrotron-Compton generated spectrum of the Crab nebula:
A) Synchrotron emission has been observed to extend at least up to ener-gies of about 0.5 GeV [13] , where the inverse Compton hump begins to dominate the spectrum. B) Photons with energies up to 50 TeV [14] are observed. In the standard Lorentz invariant theory, the 0.5 GeV synchrotron emission in the magnetic field of the Crab nebula (∼ 0.3 mG [16, 13] ) is generated by electrons of energy 5 × 10 4 TeV. The inference of this energy assumes the Lorentz invariance which we are trying to test however. Hence we adopt the lower figure of 50 TeV which is inferred using only energy conservation in the inverse Compton process. 4 . As explained below, we can nevertheless obtain an extremely strong bound from the synchrotron emission by requiring merely that there exists some electron energy capable of producing the synchrotron radiation, without assuming that it has the Lorentz-invariant value.
The three facts above imply that possible violations of Lorentz invariance cannot significantly affect the synchrotron emission or the propagation of photons and electrons up to these energies. We begin with the analysis of the new constraint coming from the synchrotron emission, and follow with a summary of the previously obtained constraints from the existence of 50 TeV photons and electrons.
The basic idea of the synchrotron constraint is very simple. To produce synchrotron radiation of energy 0.5 GeV requires in standard electrodynamics a gamma factor of order 10 10 , so that the electron velocity must differ from the speed of light by only one part in 10 20 . Lorentz violation with negative η puts an upper bound on the electron speed and hence an upper bound on the possible synchrotron radiation energy. (As we shall see, ξ can be neglected in most of the interesting region of parameter space.) However, since we are 3 The 50 TeV gamma ray observation reported in [14] has yet to be firmly established. If it is not confirmed in the future one can still use the well established figure of 20 TeV gamma rays detected by HEGRA [15] . This would weaken the photon decay and vacuum Cerenkov constraints discussed below by a factor (50/20)
3 ∼ O(10). 4 For the vacuumČerenkov constraint in Refs. [2, 3] we previously used 100 TeV electrons inferred from the synchrotron emission of SN 1006. However for the same reason just given we cannot use this value either. The change from 100 to 50 TeV weakens the constraint by a factor of 2 3 .
testing Lorentz symmetry, in order to apply this reasoning we must first reanalyze the synchrotron emission process allowing for the Lorentz violating effects we wish to bound. In standard electrodynamics, accelerated electrons in a magnetic field emit synchrotron radiation with a spectrum that sharply cuts off at a frequency ω c given by the formula
where B is the component of the magnetic field orthogonal to the electron path and γ is the usual Lorentz factor. This formula is based on the electron trajectory in a given magnetic field, the radiation produced by a given current, and the relativistic relation between energy and velocity. All of these could in principle be affected by the Lorentz violation we are considering.
To determine the effects Lorentz violation we follow the heuristic derivation of (3) given in Ref. [17] . Without assuming Lorentz invariance, the purely kinematical result is
where R(E) is the radius of curvature of the orbit, δ(E) is the opening angle for the forward-directed radiation pattern, and c(ω c ) and v(E) are the group velocities of the radiation and electron respectively. The solution of Eq. (4) for ω c (E) determines the cutoff synchrotron frequency. However we show below that one can replace ω c by c, so the solution is simply equal to the right hand side of the equation. In Eq. (4) we have used the fact that the electron and photon speeds are very close to the low energy speed of light c, which is set equal to unity. The numerical constant is chosen to yield the correct relativistic result (3) with δ(E) = γ −1 (E). The angle δ(E) scales in the Lorentz invariant case as γ −1 (E), which can be obtained by Lorentz transformation from the rest frame of the radiating charge. Although the deformed Maxwell equation (whatever it is) that produces the dispersion relation Eq. (1) is not Lorentz invariant, the deviations are extremely small. Hence this angle still scales the same way.
The radius R(E) for a given energy is determined by the equation of motion of the electron. We assume that gauge invariance is preserved, so that the usual minimal coupling holds. To find the electron equation of motion in a magnetic field we use the dispersion relation as the Hamiltonian, with the momentum replaced by p−eA where A is a vector potential for the magnetic field. This yields the equation of motion a = [1+3ηE/2M](e/E) v×B, where we have kept only the lowest order term in η and assumed relativistic energy E ≫ m. Since E ≪ M, the presence of the Lorentz violation makes very little difference to the orbital equation, hence we conclude that the radius is related to the magnetic field and the energy of the electron by the standard formula R(E) = E/eB (where again the speed of the electron has been set equal to unity).
The difference of group velocities in the denominator of the last term of Eq. (4) is given by
where we have used the dispersion relations (1,2) and dropped higher order terms. The synchrotron constraint comes from a maximum electron group velocity, hence we take η negative and derive a lower bound on its range. As we will show later, the term in ξ is negligible except for extremely small values of η. The above analysis shows that Eq. (4) for ω c yields
There are two differences between Eq. (6) and Eq. (3). One is the factor mγ(E)/E, which is unity in the Lorentz invariant case. More importantly however, γ(E) is now a bounded function of E,
Maximizing ω c with respect to the energy yields
which is attained at the energy E max = (−2m 2 M/5η) 1/3 = 10 (−η) −1/3 TeV. (Maximizing instead Eq. (3) yields nearly the same result for ω c , with 0.34 replaced by 0.5. This discrepancy is small because mγ/E is still of order unity at the maximum.) The frequency ω max c is the highest possible value of the cutoff synchrotron frequency for any electron energy. Note that to produce synchrotron radiation of a given frequency requires a higher electron energy in the presence of Lorentz violation with η < 0, since the group velocity is lowered. Hence, for negative η, the Crab synchrotron emission at 0.5 GeV implies the existence of electrons of at least the Lorentz invariant energy, 5 × 10 4 TeV. Note however that one can use this energy to strenghten the vacuumČerenkov constraint only for a negative η where in any case we have the strong synchrotron constraint.
The rapid decay of synchrotron emission at frequencies larger than ω c implies that most of the flux at a given frequency in the observed Crab synchrotron hump is due to electrons for which ω c is above that frequency. Thus ω max c must be greater than the maximum observed synchrotron emission frequency ω obs , which yields the constraint
This is the main result of our analysis. The synchrotron spectrum of the Crab nebula has been observed to extend up to energies of about 0.5 GeV [13] . The magnetic field in the emission region has been estimated by several methods which agree on a value between 0.15-0.6 mG (see e.g. [18] and references therein.) Two of these methods, radio synchrotron emission and equipartition of energy, are insensitive to Planck suppressed Lorentz violation, hence we are justified in adopting a value of this order for the purpose of constraining Lorentz violation. Thus we have
Using the standard reference value 0.3 mG for B, this yields the lower bound
which is nine orders of magnitude smaller than the best previous constraint [2, 3] . The parameter E QG of the phenomenological framework of Ref. [1] is related to η by E QG = −M/η, so we have
which is eight orders of magnitude larger than the Planck mass.
We now return to the question of neglecting ξ in evaluating the difference of group velocities (5). At the energy E max , the ratio of the ξ-dependent term to the other terms is given by
Hence neglecting ξ is justified provided
On the diagonal ξ = η, this is satisfied provided |η| > ∼ 10 −33 , hence the bound (12) is reliable. Off the diagonal this condition is also satisfied in the region not already excluded by the constraints from the absence of photon decay and vacuumČerenkov radiation, which we now discuss.
Photon decay and vacuumČerenkov constraints
That the stability of photons and electrons can be dramatically sensitive to violations of the Lorentz invariance of particle dispersion relations was noted by several authors [19, 20, 2] . Energetically a photon can decay into two electrons or an electron can lose energy by emitting a photon (similar to aČerenkov effect but in vacuum). Since these reactions are tree level processes of QED, once the particle energy is above a certain threshold they will happen almost instantaneously, preventing the propagation of electrons and photons over anything but microscopic distances. A detailed analysis of constraints on ξ and η from the absence of photon decay and vacuumČerenkov radiation was previously carried out in Refs. [2, 3] . Here we just summarize those results. Photon decay in vacuo occurs above a broken line in the η-ξ plane given by ξ = η/2 in the quadrant ξ, η > 0 and by ξ = η in the quadrant ξ, η < 0. Above this line, the corresponding threshold energy ω th is given by
(The threshold configuration for positive ξ is symmetric in the electronpositron pair momenta, while for negative ξ it is asymmetric with the asymmetry determined by p − (k th /2) = ±k th ξ/η.) For theČerenkov effect one finds that an electron can emitČerenkov radiation in the vacuum if η > 0 or if η < 0 and ξ < η. Depending on the values of the parameters, the threshold configuration can occur with a zeroenergy photon or with a finite energy photon. These two cases correspond to the following two threshold relations, respectively:
for η > 0 and ξ ≥ −3η,
The reaction is not allowed in the region where ξ > η and η < 0. The facts B and C imply that ω th and E th in the above formulae cannot be lower than 50 TeV. These requirements impose constraints on ξ and η of order 10 −2 . Together with the new synchrotron constraint, these constraints provide the best current limits on Lorentz violation in the electron-photon dispersion relations at order E/M Planck . Figure 1 shows how the allowed region of the deformation parameters ξ and η is restricted to a tiny sliver with −2.2 × 10 −9 η 0.01, −0.08 ξ 0.08.
Discussion
In closing, it seems useful to put the new constraint in perspective relative to those that have previously been obtained, since there have been such rapid improvements. There is a vast difference in the strength of these constraints, and in the physics used to obtain them. We show in Figure 2 a diagram including the photon decay andČerenkov constraints. These leave open an infinite narrow wedge not excluding any of the negative diagonal, which is the parameter region that has so far attracted the most attention. This figure shows a lower bound on the wedge that has previously been placed using limits on photon dispersion in vacuo [9, 8] .
5 An improvement by a 5 The constraint |ξ| < 122 used in the figure comes from the gamma ray burst GRB 930131 [8] . The use of this GRB is questionable [21] since it has no measured redshift. factor of 30 was provided by the absence of anomalous absorption of gamma rays emitted by Markarian 501 on the infrared background [2, 3, 4] . This constraint is displayed in Figure 3 . It imposes η > −2.7 on the diagonal.
It is clear that quantum gravity is no longer purely within the theoretical domain. From many directions, measurements and observations are now constraining the possibility of Lorentz violation, which has been suspected to be a feature of quantum gravity. The constraints obtained to date are sufficiently strong to cast serious doubt on the violation of Lorentz symmetry at order O(E/M Planck ). It may be violated at higher orders, or it may be exact after all. Absence of observed Lorentz violation is a important constraint on
The best alternative constraint is that of Ref. [9] using a flare in the blazar Markarian 421, which give the limit |ξ| < 250. The regions excluded by the photon decay andĈerenkov constraints are lined horizontally in blue and vertically in red respectively. The region between the two diagonal green lines constrains the threshold for photon annihilation to lie between one and two times the standard threshold (which is 10 TeV) for an IR target photon of energy 25 meV. The upper green line corresponds to the unmodified threshold. The shaded gray patch is the part of the allowed region that falls between these photon annihilation thresholds. The diagonal ξ = η is shown as a dotted black line.
